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1 Introduction 



It has been proved during the last years that Lie algebroids [H [2] provide a very general frame- 
work for dealing with different problems in Mechanics [3111] and control theory [5], including reduction 
of mechanical systems with symmetries [6, 7]. The concept of Lie algebroid is a generalisation of both 
a Lie algebra and a tangent bundle structure, these being the simplest examples of Lie algebroids. 
Moreover, the Lie algebroid structure is well adapted to variational calculus for constrained systems 
^ and the geometric treatment of the concept of quasi-coordinates finds its natural place in Lie al- 
gebroid framework [9] . The usefulness of the Lie algebroid approach for dealing with non-holonomic 
constrained system is also beyond doubt [10]. 

The geometric theory of Lagrangian formulation in Lie algebroids started in [3] and developed 
in [T2] without using the Legendre transformation (see also [13] ) gives rise to the problem 
of existence and uniqueness of a Lagrangian inducing a previously fixed dynamics and it is the 
uniqueness property which is going to be analysed in this paper. 

The organization of the paper is as follows: in Section 2 we give a concise survey of the theory 
of Lagrangian mechanics on Lie algebroids, following [U [TTl [T2| 114] . In Section 3 we introduce 
several notions of equivalence of Lagrangian systems on Lie algebroids, obtaining a relationship 
among them in Theorem 13. 2i This generalises the results obtained in pTSJ for standard Lagrangian 
systems. Section 4 contains the main results of the paper: Theorem 14.11 gives sufficient conditions 
under which we can obtain a one parameter family of Lagrangian functions gauge equivalent to a 
given one. This is related in Theorem 14.21 to the existence of Nother conserved quantities for the 
Lagrangian dynamics on Lie algebroids. Finally, in Section 5 we study conserved quantities which 
are not of Nother type in the case that the Lagrangian dynamics is a locally Hamiltonian symmetry 
of two different 2-forms on the Lie algebroid. 

2 Lie Algebroids and Lagrangian Mechanics 

This section collects some basic results about the geometry of Lie algebroids and the formulation 
of Lagrangian mechanics on them. All the results here are standard and easy to find in the literature, 
so this section remains purely expository. 

2.1 Lie algebroids 

Recall (OH]) that a Lie algebroid is a vector bundle : E ^ M, together with a Lie algebra 
structure [■,-]e in the space of sections T{t^) and a vector bundle morphism (anchor map) : 
E TM satisfying the compatibility condition 

[X, fY]E = p''{X)fY + f[X,Y]E, f € C°^(M). 

Extremal cases of Lie algebroids include the tangent bundle of M, tm '■ TM M with the usual 
Lie algebra structure on T{ttm) = 3£(M) given by the Lie bracket and p'^^^ = id, or a Lie algebra g, 
thought as a vector bundle over a point, for which the anchor is trivial and T{t^) = q with its own 
Lie algebra data. Many other examples can be obtained from classic geometric structures, such as 
foliations and Poisson or Dirac geometry. 

Morally, in the formulation of Lagrangian mechanics on Lie algebroids the algebroid E replaces 
the tangent bundle to a manifold M as the space of positions and velocities for the dynamics. In 
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the same way, sections of the exterior algebra ^}*{E) of the dual bundle t^* : E* ^ M play the 
role of 'generalised' differential forms. A differential calculus on a Lie algebroid can be built on a 
graded derivation of degree 1, d-^ : Q}^{E) — > ^1}'~^^{E), which takes the place of the usual exterior 
derivative in this context and is defined by 

d^0(Xi,...,x,,+i) = Y.{-iy+^p''{x,)e{x^,...,Xi,...,Xk+i) 

i 

+ ''^{—'^)''^^(^{[Xi,Xj]E.:Xi, . . . ,Xi, . . . ,Xj, . . . ,Xk+i) , 

where Xi, . . .,Xk+i G T{t^) and 9 G n^{E). 

This exterior derivative reduces to the usual exterior derivative when E = TM. Its associated 
Lie derivative d^ along X G r(T^) is defined by 

df/ = p^{X)f, 

dfy = [x,y]e, 

dfa = (ixod^ + d^oix)a, (1) 

for X, y G r(T^), / G C°°(M), a G Q.*{E). The following properties generalise some well-known 
properties of the usual Lie derivative (see e.g. [HI ll4j for a proof). 

d^od^ = 0, 
[d^,df] = 0, 

dfx,y]_B = [dfidy], 

'^[x,y]e = [dfj^-y], 
df(aA/?) = df a A/? + a Adf/3. 



2.2 The prolongation of a Lie algebroid 

Let M' be a smooth manifold and let / : M' —)■ M a. fibration. For each point x' G M' let T^M' be 
the linear space 

T^M' = {{a,v) eE^x T^,M' \ p^{a) = T,'f{v)}, 

where /(x') = x and Tf denotes the tangent map to /, Tf : TM' — > TM. The set T^M' = 
Ux'gM' endowed with a natural vector bundle structure over M'; the vector bundle projec- 

tion Tj(|, : M' M' is T^j,{a, v) = tm'{v). Note that in particular we have T^{a) = (/ o T]\j/){v), 
with tm' '■ TM' M' being the tangent bundle projection. 

Moreover, such a vector bundle can be endowed with a Lie algebroid structure, the anchor 
map being the projection onto the second factor and the bracket on the linear space of sections 
is the only one that for two sections of the form Yi{x') = (x' , ai{f{x')),Ui{x')), i = 1,2, with 
(Ti G r(T^), Ui G X(M), satisfies 

m,Y2j{x') = {x',[a^,a2]E{f{x')),[U^,U2]{x')). 

This Lie algebroid is called the prolongation of E along f and more details about it can be found 
in [lailS]. 
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The interesting case for the Lagrangian formulation of Mechanics on Lie algebroids is when 
M' = E and f = . In this case we wiU denote simply by £E the corresponding prolongation of 
E along and it is possible to show that it can also be realised as the total space of the pullback 
bundle {p^)*Tt^ . This is the particular case studied in [11] (see also [E]). Then CE has a Lie 
algebroid structure that we next describe: 

1. CE is a vector bundle over E with projection t'~^ : CE — > E given by T^^{a,v) = te{v). 

2. It can be proved that every section X G T{t^^) can be written as 

X{a) = (/x(a)Xi(r^(a)),X2(a)), 
where Xi £T{t^), X2 e 3i{E) and fx G C°°(S) satisfying the condition 

r,r^(X2(a)) = /x(a)p^(Xi(r^(a))), Va G E. 

3. The Lie bracket in r(r^^), denoted [•,■]££;, is given by 

[X, Y]cE = {fxfY{[Xi,Y,]E o r^) + {X^frWi o r^) - {Y2fx){Xi o r^), [X2, 12]) • 

4. The anchor p^^ : CE ^TE is given by p'^^iX) = X2. 

2.3 Complete and vertical lifts 

We start by defining lifts to E of functions in M. If / G C°°(M), its complete and vertical lifts are 
the functions G C^^E) defined as 

/»=p^(a)/, r = /or^, VaGi? 

Let X be a section of r^. We can also define its complete and vertical lifts x™''*, G 
as follows: First, let a G ^1^{E), then S G C°°{E) is defined as 

a(a) = {a{T^ (a)) , a) . 

With this notation we have: 

1. The vertical lift of X is given by 

^™^*(«) = |(« + i^(T^(a)))L = o- 

2. The complete lift of X is the unique r^-projectable vector field on E satisfying 

^E^^^comp) = p^{X) and X™'"P(a) = df^. 
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Finally, we can also lift sections of : — > M to sections of the prolongation t'~^ : CE E. 
For any X G T{t^) the complete and vertical lifts, X'^,X'" € r(T^^) are: 

X-{a) = (0,X™'-*(a)), X'{a) = (X(t^(g)), X™-P(a)). 

The set of complete and vertical lifts generates r(r'^^) as a C°°(-E)-module. Therefore, the Lie 
algebroid structure of >C-E is characterised by 

[X^,Y']cE = {[X,Y]Er, [X',Y-]ce = {[X,Y]e)\ [X\Y-]ce = ^ 
for X,Y e r(T^) and / G C°°(M). 

2.4 The Euler section and the vertical endomorphism 

The Euler section is the section of t^^ defined by 

A(a) = (0,<), VaGS, 
where is the zero element of ^(T^(a)) and 

al = j^{a + ta%^^eTaE. 

The following property of such a section be useful later on (see [11] for a proof). 

Lemma 2.1. Lei be X £ r(r^). T/ien 

[A,X'']££; = -X^ and [A,X^]cE = 0. 

The vertical endomorphism is the vector bundle automorphism 5" : CE — > such that for each 
section X eT{T^), 

S{X") = and S{X^) = X'". (3) 

Note that all the concepts so far introduced restrict in the case E = TM to the usual constructions 
for the double tangent bundle TTM. In the same vein one can define a second order differential 
equation (SODE) on as a section X G r(r^^) satisfying 

S{X) = A. (4) 

2.5 Lagrangian mechanics 

With the ingredients previously introduced, we can formulate the problem of Lagrangian mechanics 
on Lie algebroids. For that, we will follow closely |11] and [12j. Let L G C°°{E) be a Lagrangian. 
The Poincare 1- and 2- forms relative to L are defined by 

Gl = d^-^Lo5, (5) 
= -d^^Gi. (6) 
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The energy function Ei e C°°{E) is 

i?L = p^^(A)(L)-L. 

Then, the dynamics associated to {E, M, ,[■, , L), or to L in short, are the projection to 

M by of the integral curves of the vector field p'-'^{Zl) G where G r(r^-^) is a solution 

of the equation 

iz^ujL = d'^'^EL. (7) 

We will refer to Zl as the dynamics associated to L as well. The form ujl is called non- degenerate if 
u}l{X, y) = for every Y G T{t'-'^) implies X = 0. In case ujl is non-degenerate L is called regular, 
and there is a unique solution to ([7]) which is also a SODE in the sense of ([1]). In this paper we 
will be concerned only with regular Lagrangians. 

2.6 Local expressions 

We provide now concrete local expressions for the objects defined so far. Suppose that dimM = 
m, rank£^ = p and let f/ C be a trivializing open neighborhood coordinatised by where 
{x*}, i = 1, . . . , m, are local coordinates on M and {y"}, a = 1, . . . ,p, are linear coordinates on the 
typical fiber of E relative to a local basis of '^{'^^)\^e^jj^ given by {ea}, a = 1, . . . ,p. The local 
structure of E is encoded in the structure functions Cap'^, Pa € C°°{t^{U)), defined by 

d 

[ea, ei3\E = e^,, p^(ea) = /^L^, (8) 

where i = 1, . . . , m and a, /?, 7 = 1, . . . _ _ 

It is shown in [12] that a local basis of T{t^^)\^ is given by {Tq,, Vg}, a, /3 = 1, . . . ,p, where 



, K.(a) = ( 0, ^ 



aeU. (9) 



We provide for later use the local expression of the two- form u^i \n this coordinates: With respect 
to the dual basis {T", V^^} we have that, on [/, 

Since we are assuming that L is non-degenerate, the matrix with elements QyaQy0 > where a, /3 G (1, • • 
is invertible, and there is a unique solution Zi for ([7]) with associated dynamics characterised by 

^ rlA R.,c. ) - P'- f^^i ^c^py R,n^ ^-i,...,m. (ilj 



dt "^"^ ' dt\dy^) '^"dx^ dyr 

3 Gauge Equivalent Lagrangians 

In this section we introduce different notions of equivalence among Lagrangians defined on E. 
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3.1 Basic forms 

In order to build different notions of equivalence of Lagrangians, we will need the concept of basic 
and semi-basic 1-forms, as well as several of their properties. 

Definition 3.1. A 1-form 9 G ^^{CE) is called semi-basic if OiX") = for every X G r(r^). A 1- 
form 9 € Q^{CE) is called basic if it is semi-basic and in addition there is a unique form 9' G 
such that 9{X'^) = 9'{X) o for every X € T{t^). This defines a linear bijection 7 between Q^{E) 
and QI^^{CE), the space of basic 1-forms on CE, by 7~^(^) = 9' . 

The following two propositions collect some important properties of basic and semi-basic forms. 

Proposition 3.1. A closed semi-basic 1-form f3 G Q}{CE) is basic. In that case f3 = j{P') with 
= 0. 

Proof Let he X,Y e T{E). Since /3 is closed, 

= d^''p{X',Y^)=p^'^{X'mY^))-p^'^{Y^mX'))-P{[X',Y^]cE) 
= -Y^'^'^iPiX')), 

since f3 annihilates vertical sections and [X'^,Y'"]£e = ([-^^i The above result implies that 

PiX") = r^V for some / G C°°(M), and therefore there exists G n^iE) such that j{f3') = (3. 
That (3' is closed follows again from the closeness of (3, since 

= o r^) - p^^(y)(/?'(X) o r^) - /3 (([X, Y]Er) 

= p^^{X'){(3'{Y) o r^) - o r^) - (3' {[X, Y]e) o 

= p^^{X'){(3'{Y)r - p^^{Y){P'{X)y - {P'{[X,Y]E)r 

= {p^iX){P'{YW - {p^{Y){P'{XW - {P'{[X,Y]E)r 

= ip^iX)iP'(Y)) - p'={Y)iP\X)) - P' {[X,Y]E)r 

= {p^{X){p'{Y)) p^{Y){P\X)) - P' {[X, Y]e)) o 

= {d^P'iX,Y))or^, 

and hence from the surjectivity of r^, this is equivalent to d^P' = 0. □ 

Proposition 3.2. A 1-form P G Q,^{CE) is basic if and only if is semi-basic and d§^vP = for 
every X eT{T^). 

Proof. Let be y G r(r^) and suppose that P is basic. Then obviously 

(dif/3)(n = o. 

Now (d^f/3)(y'^) = /■^(X")(/3(y^)). Since by hypothesis ^(y^) = {P\Y))ot^ = (/3'(y))^ then 

p^^(X")(/3(y^)) = p^^{X-){P'{Y)r = 0, 

and therefore d^v P = 0. 

Suppose now that p is semi-basic, and that (d^f /3)(y'=) = p^^{X''){P{Y'')) = 0, therefore PiX") 
is the puUback by of a function in M and then P is basic. □ 
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3.2 Equivalence of Lagrangians 

One can define different notions of equivalence classes of Lagrangian functions on Lie algebroids as 
the sets of Lagrangians that produce the same Poincare 2-section or the same dynamical section 
Z^. The stronger notion of gauge equivalence will be related in the next section to the existence of 
conserved quantities for the associated Lagrangian dynamics. 

Definition 3.2. Let L, L' G C°°{E) be two (regular) Lagrangians. We will say that L is geometrically 
equivalent to L' if ujl = ujl'- We will say that L is equivalent to L' if = Zl'. 

Let us note that since w^^+ij = ^Li+^L2j have that L and L' are geometrically equivalent if 
and only if L' = L + Lq with ujlq =0, and hence Lq must be singular. The next result characterises 
this class of singular Lagrangians with trivial Poincare 2-forms. 

Theorem 3.1. A Lagrangian Lq G C°°{E) satisfies ujlq = if and only if 

Lq = a + V OT^, 

where a € Q^{E) is closed and V e C°°{M). 

Proof. First note that for any X G r(S) we have Qy„^e{X^) = since vertical sections are in the 
kernel of the vertical endomorphism S. Also, 

Sy^^EiX') = o r^) = p^^{X-){V o r^) = 0. 

Then B^o^b = and so ujy„^E = 0. 

For the contribution of a we have QsiX") = d^^a(S'(X'')) = and 

es(X^)(a) = d^^a{S{X^)){a) = d^^aiX") = X^^'\a){a) 



d 



j^{a{a + tX{T^{a))) ^ ^ ^ = |(«(r^(a)), a + tX{r^{a))) 

.E 



t = 



= a{X){T^{a)), 

and therefore QsiX") = a{X) o . It is now straightforward to obtain 

d^^Ga(X^y^) = 0, 

d^^G3(x^y^) = -/■^(y^)(a(x)oT^) = 0, 

d^^es(X^y^) = d^a{X,Y)oT^ = 0, 

where the last term vanishes since a is closed. Therefore loq = d^^Q^ = 0. 

Conversely, since by its very definition ([5]) we have that @Lq is semi-basic, if Lo^g vanishes then 
by Proposition 13. II 8 is basic and QloL^'^) = a(X) o for some closed 1-form a G Q,^{E). This 
is the same as 

d^^Lo{S{X')) = /^(X-)Lo = a{X) o r^, 
which implies that Lq = 3 + V o r^, for any V G C°°{M). □ 

Definition 3.3. We say that two regular Lagrangians L,L' G C^{E) are gauge equivalent if there 
exist a G n^{E) and V G C°°(M) such that d^a = 0, d^V = and L' = L + a + V o . 
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Obviously if L and L' are gauge equivalent, then they are geometrically equivalent. Note that 
the condition A^V = does not necessarily implies that V is locally constant, since it suffices that 
dV annihilates the image of the anchor . The next theorem gives the relationship between the 
three different notions of equivalence of Lagrangians. We start with a necessary technical lemma. 

Lemma 3.1. Let be a ^ ^}^{E) and A be the Liouville section. Then d£^S = S. 

Proof. Let a £ E, then 



d£^a(a) = p'^^{A)a{a) = -^aia + ta) 



t = 



= ^{a{T^{a)),a + ta) = {a{T^ (a)) , a) ^ ^ ^ = a{a). 

□ 

Theorem 3.2. Two (regular) Lagrangians L and L' are gauge equivalent if and only if they are 
equivalent and geometrically equivalent. 

Proof. If L and L' are gauge equivalent, then L' = L + a + V o with a and V closed by d^. 
Then ojl = ujl'- Notice also that since p^^{A) is a vector field tangent to the r^-fibers of E, then 
d£^(y o T^) = 0. Then, for the energies of both Lagrangians, 

El> = d£^L' - L' = d£^L + d£^a -L-a-VoT^ = EL-VoT'^, 

where we used Lemma 13.11 Now, since by hypothesis V is closed, d^^{V o r^) = and then 
d^^EL = d^^ELf, which implies Zl> = Zl- 

Conversely, if L and L' are geometrically equivalent, then L' = L + a + V o with d^a = 0. 
Then, proceeding as before, E^i = El — Vot^. Since lol = uj^i and both Lagrangians are regular, 
the equivalence of L and L' forces d^^E^i = d^^Ei, implying d^^ {V ot^) = 0, which is equivalent 
to d^V = 0. □ 



4 Gauge Equivalence and Nother's Theorem 

In this section we will study sections in T{t^^) that generate one-parameter families of gauge 
equivalent Lagrangian functions. In Theorem 14.21 we will show that one can associate a Nother 
conserved quantity of the dynamics to each such a family. 

4.1 Admissible sections 

We will start by studying admissible sections, that is, those sections in r{T^^) preserving the 
different objects of the dynamical equation ([7]). 

Definition 4.1. Let X E T{t^^). We say that X is an admissible section for ojl (respectively for 
©L, El) ifd^^ojL = oJ^cEL for all L G C^iE) (respectively d^^Bi = Q^cel, d^^EL = E^cel). 

We start by studying the transformation of the elements in ([7]) under the action of arbitrary 
sections in r(T^^). 
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Lemma 4.1. Let X,Y e T^t'^^). Then, 

jCE, , _ jCEjCE 



(di^eL)(y) = Q^cE^iY) +d''^L{[X,S{Y)]cE - S{[X,Y]ce)) 



dx — -d ax 

^x^El = E^cel + d^^j^^L 

Proof. For the first property, 

(di^Gz.)(y) = di^(G,.(y))-Gi([x,y]^^) 

= di^(d^^L(5(y)) - d^^L(s([x, y]^^)) 

= (di^d^^L)(s(y)) + d^^L(di^5(y)) - d^^L(s([x, y]^^)) 

= (d^^di^L)(S(y)) + d^^L([X, 5(y)]z:ij - S{[X, Y]ce)) 
= Q^cEL{Y) + d''^L{[X,S{Y)]cE - S{[X,Y]ce)). 

The second property is immediate since ul = — d^^G/, and [d^^,d^^] = 0. For the last one, 

d^/EL = di^di^L-di^L 

= di^^L-di^L + dg^jL 
= E^cEL+df^A^^^L. 



□ 



We can see that not every section is admissible in any of the three senses due to the presence 
of additional terms, so one must impose restrictions on them. An important class of admissible 
sections is given by complete lifts, as the next result shows. 

Proposition 4.1. For any X G r(T^) its complete lift X'^ is an admissible section for ujl, &l o.nd 
El. 

Proof. Since complete and vertical lifts generate r(T^^), in the hypothesis of Lemma l4.ll we can 
make Y = a'' + V with a, 6 G r(T^). Then, using the standard properties of lifts of sections and of 
the vertical endomorphism, 

[X'^,Y]cE = [X',a'' + b-]cE = {[X,a]Er + {[X,b]E)\ 

and therefore S{[X'',Y]ce) = {[X,a]cE)'". Now, since S{Y) = a"" we have that [X'',S{Y)]ce = 
[X^a^]££; = ([X,a]iJ)^ and hence 

S{[X',Y]ce) = [X',S{Y)]ce, 

which proves that X'^ is an admissible section for ojl and 6l- Finally, that X'^ is an admissible 
section for El follows from [X'^,/X\ce = (see Lemma l2.ip . □ 

In view of Proposition 14.11 we hereafter restrict ourselves to those admissible sections which are 
complete lifts of sections of r^. We are specially interested in sections which are symmetries of the 
dynamics, i.e. such that [X'^, Zl]ce = 0. We start by identifying a necessary condition for such a 
section. 
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Proposition 4.2. Let X G r(r^) satisfy [X'^, Zl]ce = 0. Then there is a Lagrangian L' defined by 



L' = dj^^L such that 



If L' is regular, then L is equivalent to L' , i.e. = Z^i. 

Proof. First notice that, for any section Y E T{t'-'^) we have, applying dy^ to ([7j), 

{d^^UJL){ZL) + UJLid^^ZL) = d^^dPi^i. 

The previous equation reduces, when using Y = X^, Proposition 14.11 and the fact that X'^ is a 
symmetry of Zl, to 

Calhng L' = d^fL and assuming that L' is regular, this implies Zx^i = Z^. □ 

4.2 One-Parameter Families of Gauge Equivalent Lagrangians 

We now study how imposing a condition on a complete lift of a section (which is an admissible 
section by Proposition 14. ip we can generate a one-parameter family of Lagrangians which are gauge 
equivalent to a given one. 



Theorem 4.1. Let L £ C°°{E) and X G r(T^). Assume that d^f L = ^+VFot^ with j3 = and 



d^W = 0. Then for each t € M such that the flow of p'~^ {X'^) , ip* ce(xc-\j ^-^ defined, the Lagrangian 



Lt = L o 4>^pCE(^X'^) 9'^'^9^ equivalent to L. 
Proof. By the formula for the relationship between a vector field and its flow, we have 

Using p^^{X^)L = d^f L = ^ + TV o r^, = L o 0*^, and p^^{X^) = X™°^p this is equivalent to 

J^Lt = PiA^om^) + W{T^{cl)'xcom^)), (12) 

with the initial condition Lq = L. Using the fact that the flows of X™™p and p^{X) are r^-related, 
we have that (fT2|) is equivalent to 



j^Ltia) = mlE(^x)i^)), (</'*xc-p(a)) + VF((/>*^(^)(x)), Vx G M, a G \x). 

Note that for fixed t the flow (/>^comp is an automorphism of E covering b^j^^) ) and thus [d^, i;^)^comp] = 
for all t, where (/)^comp/3 is defined by ((/)^comp/?, a) = (/3((/)|^e^^j (x)), ((/i^comp (a)), with /3 G ^1^{E). 
Therefore solving (|12p with the initial condition Lq = L we obtain 

Ltia)=L{a)+^{a) + WoT^, 

where (/?, a) = /q (0^*con.p/3,a)dt' and W{a) = jQ{(l)l*^^^W)ix)dt' . Now, since d commutes with 
(p^X'^o^p ^6 have d^/3 = and d^W = 0, from the closeness of (3 and W. □ 
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4.3 Nother's Theorem 

We now prove a Nother theorem for Lagrangian mechanics on Lie algebroids. If the complete hft 
of a section in T{t^) generates a one-parameter family of gauge equivalent Lagrangians with the 
particular data /? = d^h, W = using the notation of Theorem 14. H then we can associate to this 
family a conserved quantity for the dynamics. 

Theorem 4.2. Let X eT{T^). If there exists h G C°°(M) such that 

dif L = d^h, 

then for any K G C°°{E) with d^^K = 0, the function 

f = ix^SL-hoT^ + K 
is a conserved quantity for the dynamics associated to L. 
Proof. First, note that since is a complete lift, then 

ix^d^'^EL = dj,^EL = E^cEL = = di^id^h) - d^^ = 0, 

where the last step follows from Lemma l3. 11 
Also, we have for the Poincare 1-form 

dif = e^cEL = = d^^{h o r^), 

where the last step follows from the properties in ([2]). 
It follows, using the definition ([7|) of the section Z/,, that 

i-x^iZi^uJL = ix^d'^'^EL = dj^^EL = 0. (13) 

Now, putting / = lx'^Ql — h o + K, as in the statement, we have 

/^(Zi)/ = iz.d'^^f = iz.d''^ {ix^QL -hor^ + K). (14) 

Using ([1]) we can write 

d^^(/ior^) = e^^^ = difeL = ix=d^^eL + d^V=eL 

= -LX'^^^L + d^^ix=0L- 

From this last expression, 

d^^iixcei -hoT^ + K) = ixcUJL- 

Therefore, (llip is equivalent to 

p^^{ZL)f = iZ^iX^OJL = 0, 

where we have used (llSh . This proves that / is constant along the dynamics generated by L. □ 
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5 An example. The rigid body 



We will illustrate the applicability of Theorem 14.21 with an example from Classical Mechanics: the 
rigid body with an axis of symmetry. For that, let E be the trivial Lie algebroid so(3) with base a 
point. Then, it is immediate to compute from the definitions that 

• = and = 0, 

• CE = {(a, Vb) ae Q,Vb€ Tq} = 0X0X0, 

• p'-'^{a,Vb) = Vh and 

• T'^^{a,Vb) = b. 

Let {^1,^2,^3} be a basis for so(3). In its associated linear coordinates, an element y G so(3) is 
expressed as y = {y^,y'^,y^). We will consider the purely kinetic Lagrangian funcion 

L{y)='-{h{y'f + h{yr + h{y'?), 
corresponding to the quadratic form I on so (3), given in this basis by the expression 

]I = diag(/i,/2,/3) 

The equations of motion for this Lagrangian system are easily obtained from (jlip , making pj^ = 
and C2 ij = ea,/3,75 the structure constants for so(3). They are 

hy^ = {h-h)yW 
hy^ = {h-h)yW 
= {h-h)y^y\ 

where Ii, 12,13 are constants. 

These are, of course, Euler's equations for a rigid body in M'^ having I as its inertia tensor. 
Suppose now that the body has an axis of symmetry. For instance, this happens if I2 = Is- It 
follows from the previous equations that then Iiy^ = 0, which implies that Iiy^ is conserved along 
the dynamics, since Ii is constant. We will now show how to obtain this conservation law from 
Theorem O 

Since the base M of is trivial, the basis element ^1 E so (3) can be regarded as a section 
^1 E r(ii^). Then we have 

??(y) = (ei,y'^-?/^^) and my) = {0,^). 

In order to check if ^1 generates a symmetry of the Lagrangian, leading to a Nother conserved 
quantity we compute 

p''ie,)L = iy'^2-y'is)i^ = yV{h-h) = o, 
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which is of the form p^^{^f)L = d^h with h = 0. Then from Theorem 14.21 the function / 
i^cQi — h o = L^c 0L is a conserved quantity. The exphcit form of / is 



Therefore Iiy^ is a Nother conserved quantity. 



6 Non-Nother Conserved Quantities 

In a more general setup, we may have a Lagrangian L such that its dynamics Zl is locally Hamil- 
tonian for a different 2-form uo' G r2^(r^^), which may be degenerate. That is, d^^w' = 0. In this 
case Nother's theorem is not applicable since there is no one-parameter family of gauge equivalent 
Lagrangians. However in this situation we can still obtain a family of conserved quantities by taking 
advantage of the fact that is a symmetry of both lol and a;'. 

Theorem 6.1. Let L he a regular Lagrangian and u)' G il^(r'^^) such that 

d^y = 0. 

Then the coefficients of the polynomial /(A) in one real variable defined by 



■' Xcol)''"'''^^ = f{X)uJL"'''^^ (15) 



are conserved quantities for Z^. 



Proof. Since {uj' — Xlol) G Q,'^{t^^), then its power of degree equal to ranki? belongs to the top 
cohomology class of ^*{t^^) and hence it must be proportional to the orientation form (^^f^'^kB 
(since L is regular) by a polynomial in A with coefficients in C°°{E) which may have zeros. Therefore 
(jlSp is well-defined. Now, using the two compatibility conditions d^^uj' = and d^^ui = and 
the usual properties of the Lie derivative with respect to the wedge product, we have 



= d^^iio' - Ao;,.)^-"^^ = {d^^f{X))u;^'^-^^ + /(A)di>:^-'^^^ 
= (dif/(A))u;r^"^''', 

from where it follows by the non-degeneracy of L that d^^/(A) = p'-'^ {Z l) f {X) = 0. □ 

We will now focus in the particular case when there is a function L' equivalent to L in the sense 
of Definition 13.21 since in this case ojli satisfies the hypotheses of Theorem 16.11 Note that by the 
definition ^ of uj^, we have ijjy — Xuji = oj^^xl. If p = rankii^, we have from pUj) the local 
expression 

uj^^ = p\ det ( f ^ f 1 A . . . A TP A A . . . A 
Consequently for ([TS]) we can write 
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and so, in this trivialization 



where 



/(A) 



dei{A' - \A) 
det A 



a,/36(l,...,rank_B) 



det{A'A-^ - XI), 



a,/36(l,...,rank_B) 



(16) 



are locally defined matrices. We have then proved the following result. 



Proposition 6.1. Let L and L' he dynamically equivalent Lagrangians. Then, the coefficients of the 
characteristic polynomial of A'A^^ , with A and A' as in (|16p. are locally defined conserved quantities 
for the dynamics associated to L. 

This result is an extension to the framework of Lagrangian mechanics on Lie algebroids of the 
results by Hojman and Harleston [17j as explained in [15]. In fact, we can make use of the Le Verrier 
method of determining the characteristic equation of a matrix (see e.g. ^ISj): the coefficients of the 
characteristic equation of a matrix M are determined by the traces of the increasing powers by 
means of Newton's equations, therefore the mentioned traces are also constants of the motion. 
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